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The paper builds upon an optimal location method in the continuous two-dimensional space, proposed
by Drezner (1994). This method adapts a weighted Euclidian distances minimisation procedure by
Weiszfeld (1937) to market-share maximisation using attractiveness and location. Some improvements
of the method and some additional insights that haven’t been discussed in the original paper are
presented. Based upon the conceptual similarity between the geographic and perceptual space we
extend the method to the multidimensional perceptual space. Recognising the sometimes embarrassing
tendency of Weiszfeld’s original algorithm to converge towards local optima, several procedures are
suggested in order to search for the global optimum location. The same convergence tendency is
finally exploited in order to find some efficient procedures that are able to identify all or most local
optima.

Introduction

A generic, dual marketing problem

The location and/or positioning of an offer point, is a generic marketing problem in need for
suited models and decision support.

The problem is conceptually the same whether it deals with the geographic space of
distribution outlet locations or with the perceptual space in which brands are positioned.
Carpenter, (1989, p. 1031) argues that “representing brands in a two-dimensional perceptual
space, is both common and well accepted (e.g. Johnson 1971; Urban and Hauser 1980; Wind
1982), as are psychometric methods for constructing these spaces and computing brand
positions (e.g. Cooper 1983; DeSarbo and Rao 1986; Green and Rao 1972). Summarising
buyer preferences by unimodal distributions of individual-level ideal points is also common
and well accepted (e.g. Cooper 1983, Green, Carmone, Smith 1989). They describe the
distribution of consumer tastes over the product space. DeSarbo, Kim, Choi and Spaulding
(2002) suggest a spatial methodology that incorporates brand positioning and attraction as
well as consumer ideal points and mass via a spatial gravity model of consumer utility.

Location analysis and OR

Location theory is a vast field in Operations Research. For recent views on the state of art and
the future trends in Locational Analysis one may refer to Giannikos and Nickel (Eds., 1996)
or Scaparra and Scutella (2001). An extensive bibliography on location analysis is provided
by Travor Hale. It contains a listing of over 3400 references on location science and related
subjects. A large variety of location problems has been identified. These problems vary on the
number of facilities to be located, on the type of location problem: whether continuous,
network or discrete, on the distance measure used or on the kind and number of the objective
functions and restrictions. Several classification schemes based on these or similar criteria



have been suggested. For a more detailed discussion on this subject on may refer to
Hamacher, Nickel and Schneider (1996)

The problem we are dealing with in this paper looks for the optimal location of new facilities
with respect of existing ones and/or users. The new facilities can be distribution facilities in
the geographic space or brands, products or services in the perceptual space.

The problem being solved and it’s original solution

In order to solve this problem we adapt a solution that was suggested by Drezner (1994) for
the (two-dimensional) geographic space. The model that is being operationalised indicates the
optimum location of a new offer point (be it a product, a service or a distribution outlet) in a
competitional space. It takes into account the company’s existing offer and the offer of its
competitors as well as the spatial distribution of demand.

Besides the optimum location, the model also indicates the market share that the own
distribution network (or product set) is obtaining following the introduction of the new point
of offer.

Suggested extensions

An extension of Drezner’s (1994) solution to the multidimensional space is presented based
upon the conceptual similarity between the geographic and perceptual space.

Recognising the embarrassing tendency of the algorithm used in the original paper, to
converge towards local optima, several procedures are suggested in order to search for the
global optimum location, and adapted to the two-, three- et multidimensional space.

The same convergence tendency is finally exploited in order to find some efficient procedures
that are able to identify all or most local optima.

Drezner’'s model - A problem centric reformulation

Presentation

Drezner’s (1994) method uses Huff’s (1966) or Nakanishi and Cooper’s (1974) formulation
of the market share and attractiveness of a new facility, and adapts it to allow some facilities
to be part of one’s own chain. Using a series of algebraic transformations he reduces the
location problem of a new facility to a situation where market share optimisation depends
uniquely on the position of that facility and a series of constant values and uses a procedure
designed to solve the minimisation of weighted Euclidian distances that was developed long
before by Weiszfeld (1937).

Problem centric vs. techno centric

The formulas used in the original paper can be adjusted in order to give better managerial
insight to the problem and to its solution. Better managerial understanding can facilitate
model adoption and encourage further solution developments. It is well known that the feeble
adoption rate of marketing research results in general (Myers, Gryser and Massy, 1979;
Monroe 1986) and of models in particular is due to poor communication from analysts who

are too "techno-centric"* instead of being "problem-centric" (Geoffrion, 1987). For this reason

! Analysts tend to find problems suiting their models instead of finding the good model for a given problem or as Ehrenberg
(1994, p. 25) put it : "They generally wave their proverbial hammers (techniques) and try to find a nail".

This syndrom can be generalised to other quantitative sciences, Le Moigne (1990) suggests that many formalised theoretical
constructions used while building models in operations research, cybernetics, signal treatment techniques, decisions sciences,
physics or theoretical biology appear as methods expecting suitable problems, while complex contemprary problems are
waiting for suitable solutions".



a problem centric translation of the model’s original formulations is given here. It insists on
distinguishing attraction of the new facility from the one of other facilities in the own set and
from the one of units in the competitors’ set.

Computing constant elements

The computations follow several steps:

1) First constant elements in market share are computed for each demand point i, ignoring the
new facility position and size®. They represent the attractiveness of the competitors’ network
(product line, portfolio) in a demand point i.

a= Ysidf (1)

j=m+1
and the attractiveness of the whole offer in the demand point i.
bi=ZSj/dif (@)
j=1

where

S; = attractiveness of unit j, d; = distance between i and unit j, A = elasticity to la distance, m = number of units belonging to the own network
and n = total number of units in the territory (m<n).

The competitors’ share in each demand point

2) Depending on the position of the new facility and its size, cs; the competitors’ share in
demand point i can be computed. It logically represents the fraction between competitors
attractiveness and total attractiveness in a given demand point i.

csj = them/(new + us + them) or otherwise
CSj = ai/(ni + bi): ai/( Sn/diﬁ + bi)
where

n; = attraction of the new outlet point on demand point i (n; = Sn/dg ), Sn= attractiveness (size) of the new outlet, di, = distance between i
and the new outlet, it is a function of x and y coordinates of the new point.

this can be expressed algebraically by the following simple formula :
csi = a*(din/Sn)/(1+bi*(di/Sy))  or otherwise
CSi = ai*dinxl(sn + bi*dink) (4)

The objective function

3) The optimising algorithm must find the position of the new outlet that minimizes the
demand covered by the competing network and implicitly maximizes the demand served by
the own network®.

Min { F(x, y) = Z D; csi (X,y)}
where
D; = Demand in point i

For a given size (attractiveness) of the new facility, F depends only on the distance of that
new point of offer compared to all existing demand points, which in a two dimensional space
depends on the horizontal x coordinates and vertical y coordinates of that point.

2 In Drezner (1994) the formulation of a;and b; doesn’t have a direct interpretation (their a = a; Di/S, and their b; = bi/Sp)
% The alternate maximisation objective function would then be : Max { F’(x, y) = £ D; [1-cs; (x,y)]}



So minimizing F(d;) can be progressively achieved by equating to zero the partial derivatives
of F by x and separately by y.

rl 0 A O s O DiShai 21 (X=X) _ < DiSnaiddi-?(x—Xi)
OX FO) = od¢ F(dr) odi o Gxd' - Z:(Sn+bidi?)2 A di z (Sn+hbidi)?

This can be reduced to the following weighted sum equations:

=0 (5)

S g0 =0; Swey)G-) =0 (O

where
iSnaidit—2
wi(x,y) = % (7)

and d; = f(x,y)
the A from equation 5 could be cancelled in equation 6.
Formula 7 can also be expressed :
Di Sn ai - Di_ni ai__=Di s cs. )

WilkY) = Gz G Galdy 7D GZ (m+b) (D) - d2
where ns; is the new points share on demand point i.

The x and y are implicitly solved in Equation 6 yielding:

Zn:vm(x, Y)Xi Zn:vm (X, y)yi

X = =L o oy= 2
D wi(x,y) > wi(x,y)
i=1 i=1

From a given starting point, the partial derivatives identify the nearest optima on the two

horizontal dimensions. As shown later, conjointly they indicate the best descending step
towards the nearest local minimum.

(8)

Analogies with the minisum problem

This problem is similar to the more general minisum location problem, also referred to as the
Fermat-Weber problem. It finds the new facility location that minimises the sum of weighted
distances to a set of demand points. In real world problems, weighted distances can be seen as
costs, so that minimising the sum of weighted distances is equivalent to minimising the total
cost (Brimberg and Love, 1993).

While the objective function in the Fermat-Weber problem is a convex function (as it is a
weighted sum of convex distance functions), in Drezner’s problem the objective function is
not convex, because the “weights” are not constant values as they also depend on the new
facility’s position. This means that the surface of the solution space is a combination of
concave and convex shapes (“hills” and “valleys™) whose tops are local maximums and whose
bottoms are local minima. The global optimum will be found among the local minima when
minimisation is demanded and among local maximums in the alternate case. Technically and
for analogy with the well-studied Fermat-Weber problem, Drezner’s problem is expressed as
the minimisation of the sum of competitors’ market shares. In managerial terms the
complementary interpretation as the maximisation of the company’s own market share is
probably more convenient. This corresponds to a reversal of the solution space, meaning that



a valley descending optimum point search method in original space can be seen as a hill
climbing procedure in the reversed space.

Alternative optimisation algorithms

Weiszfeld’s procedure

The optimisation method suggested by Drezner (1994) applies Weiszfeld’s (1937)
minimisation of weighted Euclidian distances procedure”.

The optimisation algorithm is straightforward it uses a arbitrary starting point (x©, y®) in
order to iteratively calculate formula (9) which is the recurrent interpretation of formula (8)

i\M (X(r)’ y(r))xi iv\ﬁ (X(r), y(r))yi
X(r+l) = i=1 - 1 y(r+1) = i=1 - (9)
D wi(x,y) D wi(x,y)
i=1 i=1

This iterative process continues until a local optimum is found.

In fact this algorithm first finds the nearest point in a valley that leads to a local minimum,
and then advances towards that minimum by finding a lower better point in the same or in a
nearby valley until it reaches that minimum. The particularity of this algorithm is that the
length and the direction of the advancing step strictly depends on the current position.

Similarities with the gradient method

This solution is similar to the more general method of the gradient that is used in non-linear
optimisation problems.

Zn:vm(x,y)(x—xi) can be seen as the gradient for x and Zn:vm(x,y)(y—yi) the gradient fory.
i=1 i=1

The difference in gradient-based optimisation algorithms is that the gradient is only used to
indicate the next step’s direction. Weiszfeld’s algorithm taking advantage of the particular
case of minimising weighted distances uses the gradient also for computing the size of the
next step. This has advantages and disadvantages. It somehow avoids omitting local optima
but also makes finding the global optimum more difficult. The gradient’s advantage is that it
dynamically fits the next step’s length allowing for overshooting local optima in search for a
better solution®.

Performance comparison: Weiszfeld vs. Gradient — The data

In order to compare the results of the two algorithms Drezner’s original data are used. They
consist of seven existing facilities each with attractiveness (area, or MCI product) S; = 1 and
100 demand points arranged on a grid with buying power B; = 1. None of the facilities is
assumed to belong to one’s chain. The power A=2 is used to raise the distance. Drezner’s
example is a rather particular case in which demand is uniformly sized and distributed and the
offer follows a somehow “hemispheric” distribution that gives a rather smooth landscape of

* This procédure proposed by Weiszfeld in 1937 was rediscovered later independently by Miehle (1958), Kuhn and Kuenne
(1962) and Cooper (1963). Its itérative scheme is equivalent to the gradient method with specified step length (Kuhn, 1967).
For the minisum location its convergence has been proven by Kuhn (1973) for Euclidian distances, Katz (1964) shows that
local convergence is alwais linear if the optimal solution is not at a demand point. Brimberg and Love (1992) show that
Katz’s results apply also to a generalisation of the Weiszfeld procedure to |, distances, when pe(1,2) and the same authors
(1993) generalise Kuhn’s work for |, distances for p < [1,2], privided an iterate does not coincide with a singular point of the
iteration functions.

% for computations sees drezexp3 and 4.bat



the results space with small differences between local optima and the global one like in Figure
1. a. It shows market shares that result when locations of the new facility are systematically
and equally distributed. A real market situation can offer a much rougher (less uniform)

landscape like in figure 3.

Figure 1. Results space in Drezner’s problem
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(a) Real scale view

(b) Zoomed view

A zoomed view of the same result space (Fig. 1 b) gives a clearer view on the eleven local

optima that are listed in table 1.

Performance comparison: Weiszfeld vs. Gradient

In order to compare the performance of the two algorithms are compared using Drezner’s

original data.

Table 1 — Comparing two optimal location algorithms

Local optimum et <h Convergence frequency from starting point
. Market share
Coordinates captured Random Systematic | Systematic
Number X y (weiszfeld) | (weiszfeld) (gradient)
1 5,59 5,54 12,93% 12 14 43
2 6,62 5,53 12,85% 37 36 29
3 5,59 4,53 12,81% 9 7 13
4 4,56 5,54 12,69% 11 13 5
5 4,53 4,51 12,59% 3 1 4
6 3,50 3,49 12,53% 2 1 4
7 3,49 2,55 12,50% 7 5 2
8 2,54 3,49 12,49% 3 6 0
9 2,56 2,56 12,46% 11 9 0
10 4,68 3,54 12,35% 3 4 0
11 3,53 4,54 12,30% 2 4 0
Average MS : 12,720%) 12,716% 12,841%




The first four columns in table 1 reflect the first experiment done by the original author, in
which he generates 100 random starting points and counts the number of times the Weiszfeld
procedure converges towards each of the eleven local optima. We repeated the same
experiment using a grid of 100 starting points with X1(0,5; 0,5) to X100 (9,5; 9,5) and applying
both Weiszfeld and Gradient algorithms to the same data. The results showed that the gradient
algorithm performs much better in finding the global optimum by succeeding 43 times out of
100, while Weiszfeld succeeded only 14 times out of 100. Also the systematic, grid based,
starting point generation gave slightly different results than the original experiment with
random starting points. Of course these results are context specific and should not be
interpreted as generalisations.

The only generalisation that might be drawn from this experiment is that the Weiszfeld
procedure unlike the Gradient seems to converge systematically towards the starting point’s
nearest local optimum.

Weiszfeld’s method systematic convergence towards local optima — An empirical test

In order to visually verify Weiszfeld’s nearest optimum convergence behaviour, we mapped
all starting points to the local optima they produce using Weiszfeld's procedure. We
progressively increased the number of starting points from 100 to 400 and then to 1600,
applied the algorithm with each of them and recorded the optimum location towards which
each converged.

Figure 2 — lllustration of the systematic convergence of Weiszfeld’s procedure towards the nearest local

optimum
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In figure 2, 400 starting points are labelled with the number of the optimum point to which the
procedure starting there from converged. One may clearly see that each starting point seems
to “patronise” the “nearest” local optimum in terms of Manhattan distances®. This is an
interesting finding that might be used for further developments.

Also the increased density of starting points (1600) revealed two additional local optima that
hadn’t appeared while applying sparser (100 point and 400 point ) grids.

Finding the global optimum through spatial decompositions

Using heuristics

The existing algorithms don’t provide exact optimum solutions and most of the provided
optimal solutions are only local optima. Finding the global optimum needs additional
heuristics. Heuristic methods are used to find satisfactory solution that could deviate from the
real optimal solution of the given problem. The term “heuristic” derives form the Greek
“heuriskein” meaning to find or to discover. A heuristic algorithm can be defined as follows :
“A heuristic is a technique which seeks good (i.e. near-optimal) solutions at a reasonable
computational cost without being able to guarantee either feasibility or optimality, or even in
many cases to state how close to optimality a particular solution is”. (Reeves 1993)

In this section we suggest some heuristic methods in order to look for the global optimum for
the problem being solved.

The most natural solutions would be to find some way to generate starting points for
Weiszfeld’s algorithm that would cover the entire surface in some systematic way. This could
be done by using fixed step starting point advancing procedure or by repeat random
generation of starting point. During the procedure the best solution should be memorised...
These methods although easy to implement are not very efficient. Therefore a different
solution is tested here first in the two dimensional space and then adapted for the three
dimensional situations

A biologically regulated triangles population

A triangle object retains its state, the three peaks, their coordinates and values (the value of
the objective function, here the market share) and its performance that can be the maximum
value or the mean value of its edges. The performance is used as a criterion in eliminating
triangles from the population like in a biological renewal process.

The triangle population is a FIFO buffer like collection of triangles with a given maximum
capacity that keeps track of its actual size. When the maximum size is reached the collection
is automatically cleaned for renewal by eliminating a given proportion of less well performing
triangles.

While adding a triangle the population actualises the overall best performance value and the
coordinates of the responsible edge, which is the moments global optimum.

The algorithm mimics a biological reproduction and selection process. The initial population
consists of two triangles each covering half of the given market area. During each run the
buffer’s top triangle is extracted in order to generate four child triangles that are pushed at the
end of the buffer. This process continues during a given number of runs.

& As Weiszfeld’s algorithm advances using partial derivatives of Euclidian distance functions (Ip with p=2) , it is logical for
convergence steps to use a |, distance with p=1.



Ilustration

The results from an application to a small perceptual map positioning problem (figure 3) can

be seen in figure 4.

Figure 3. A market situation and its market share result space
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Figure 3 shows a perceptual map with 7 existing brands one of them belonging to one’s
product line together with the new brand to be placed. The demand points are four segment
ideal points. Again brands have equal attractiveness and segments have equal buying power.

Both are arbitrarily fixed to 1000.

Figure 4. Triangles population to find the global optimum
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c | d

The triangle generation and elimination procedure using the biological metaphor described
before succeeds in progressively reducing the surface of the triangle population and orients
its positional focus on higher reaching peaks.

We compared the results of our triangulation method with 250 runs to 1000 runs random
Weiszfeld and the results and the time used were systematically better for our method.

3D extension using a biologically regulated tetrahedron population

The same algorithm has also been adapted for three dimensional location/positioning
problems. The initial population consists of two tetrahedrons each covering half of the given
market space cube. During each run the buffer’s top tetrahedron is extracted in order to
generate four child tetrahedrons that are pushed at the end of the buffer. This process
continues during a given number of runs.

Figure 7. — Finding the global optimum positioning of a new brand in a 3D perceptual space
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The options can be extended to get a 3D view of other geometric spatial decomposition
methods that will be subsequently tested.

Finding most local optima using hybrid solutions

Stepwise triangulation and gradient

What initially was presented as a troublesome property of Weiszfeld’s procedure, its
convergence towards the nearest local optimum, may turn into an advantage

This algorithm’s problem is not only to find the global optimum but also to record all or most
local optima. It helps identify these optima and provides decision support for optimal location
under constraints. This is useful for example in positioning problems where the starting or
actual position of a point (outlet, brand) is given in advance and reaching an optimal position
demands a cost that depends upon the distance between the actual location and the targeted

" the 3D visualisation part is adapted from James Gosling’s Moleculeviewer applet — Sun Java Development Kit 1.4.0_01
8 3D visualisation adapted from James Gosling’s WireFrame applet — Sun Java Development Kit 1.4.0_01
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location. Under such circumstances some cost/benefit judgement is needed in order to
evaluate the tradeoffs between gains and costs among the existing optimal locations.

Local convergence at decreasing rate

Figure 8. Decreasing local convergence rate of Weiszfeld’s algorithm
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The suggested method combines the spatial decomposition procedures used in the previous
section with the quickly advancing steps in Weiszfeld’s algorithm.

Triangles elimination

Figure 9 - Selection criteria for moving triangles using Weiszfeld iterations
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There are two elimination criteria after each Weiszfeld iteration:

(@) Increased surface, means that vertexes move in diverging directions. The triangle is at the
intersection of two of more convergence (attraction) areas.

(b) If triangle is not increasing but moving with such a pace that for example its new
barycenter gets outside its original surface (contour), this means that all vertexes move in the
same direction within an convergence area, but are still far from circumscribing the local
optimum.
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The remaining triangles either circumscribe a local optimum as in figure 9 (c) or are close to
it.

This algorithm seems very efficient compared to the repeat random generation of starting
points for complete Weiszfeld search procedure. A complete Weiszfeld search procedure
finds a local optimum in let’s say 10 to 20 runs and the random generation of the starting
point should be repeated 100 times in order to obtain a poor coverage of the analysed
situation, meaning 2000 Weiszfeld iterations. The simultaneous triangles elimination
procedure can start by covering the solution space with 200 triangles which is equivalent to
about 200 vertex. After the first stem consuming one Weiszfeld iteration per vertex and using
the criteria above more than 60% of the triangles are eliminated.

Stepwise nearest points merger
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Observing the progressive convergence of equally distributed starting points towards local
optima, another potentially efficient algorithm for recording local optima has been imagined.
It uses a grid of ordered and equally distributed starting points covering the solution surface
and each of them undergo a Weiszfeld iteration. The distance for every two points sequence is
compared to a flexible limit and if inferior, the two points are merged into one. The limit
distance is initially fixed to the step size used to generate the points. Subsequently it is
increased at a given rate (say 1.2) if during the last iteration the point population hasn’t been
reduced and decreased otherwise. At the end the point population should contain only local
optima.
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Conclusions

Presentation

In this paper a new facility location problem is presented and extended to the
multidimensional space based upon the conceptual similarity between the geographic and
perceptual space in marketing. This problem and a solution using Weiszfeld (1937) algorithm
has been suggested by Drezner(1994).

We first suggested a problem centric reformulation of the original method in order to give
better managerial insight to the problem and to its solution.

We then showed that the algorithm, that has been used, systematically converges towards
local optima. Recognising the similarity of this algorithm to the more general gradient
method, a gradient formulation for Drezner’s problem has been given. Tests have been
performed running the two algorithms and comparing their performance. The gradient method
appeared to be much better in finding the global optimum, but it is still far from finding it
systematically.

In order to avoid this embarrassing tendency of existing algorithms, alternative solutions have
been looked for. Several procedures have been suggested that search for the global optimum
location in the two-, three- et multidimensional space. All cover the given space with
populations of geometric objects and use some biological metaphor to guide reproduction and
selection processes in the two and three-dimensional space.

Finally we used Weiszfeld's algorithm property to converge toward the “nearest” local
optimum in order to suggest procedures aimed to simultaneously retrieve all local optima.
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